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Methods of caiculaling the difference of heat capacities of liquids and gases at constant volume 
are discussed. The known methods of calculation are confronted with the method proposed 
in this work. It starts from the relations describing the mutual dependence of the temperature 
derivative of internal and cohesive energies of vaporization to the difference of heat capacities 
of liquids and gases at constant volume. 

Advance in the experimental calorimetric technique in recent years has caused that 
the regions have been extended substantially which had hitherto been accessible 
experimentally only exceptionally. This fact is rdlected also in new possibilities of 
vaporization calorimetry which was usually confined to the measurements of heats of 
vaporization only at one temperature. Today the determination of the temperature 
dependence of heats of vaporization becomes a routine even if, for the present, only at 
a few leading laboratories. The development of this branch of knowledge is condi­
tioned not only by the given level and possibilities of the experimental technique 
but also by the possibility to cxploit the data obtained for calculating or esti­
mating other thermodynamic quantities and properties. Seeking these new applica­
tion possibilities is one of the main tasks of the present time. 

The quantity characterizing the difference of molar heat capacities of the liquid 
and gaseous phases at a constant volume belongs as well to the complete description 
of the phase equilibrium of the vapour-liquid type. It is called the heat capacity 
difference at constant volume. 

The aim of this work is to judge critically the possibilities to calculate the heat 
capacity difference at constant volume by means of the known methods and confront 
them with the proposed one. It is well-known that the values of internal energy 
(L\Uv) and cohesive energy (L\U c) of vaporization arc today determined mostly 
by calculating from heat of vaporization (L\Hv). We know as weJl that an experi­
mental method for determining L\U c (rer. l

) is being developed and that methods 
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were proposed for estimating !:.Uv and !:,Uc (ree - 4
) which enable one to estimate 

thc quantities discussed with an accuracy which approaches that of determination 
of hcats of vaporization (0'1 - 0'2%). Therefore it is to be assumed that we will be 
able to obtain the needed data on the temperature dependence of !:.Uv and !:,Uc 

not only from laborious calorimetric measurements of the temperature dependence 
of heats of vaporization but also by means of estimation methods or generalizations 
of the temperature dependences of !.l.Uv and !:,Uc as it is known with heats ofvaporiza­
tion. Even though these results are so far incomplete and partly also speculative 
we consider useful to concern in these problems above all for the reason that the 
way of calculating !:.cv and !:.c? proposed in this work has not hitherto been de­
scribed in the literature. 

At the present time we determine the difference of heat capacities of liquids and 
gases at constant volume !:.cv = c~ - c~ and the difference of the same heat capacities 
when gas is in the state of ideal gas !.l.c~. = c~ - c~ in two ways: The first one starts 
from the known cxperimental values of heat capacities of liquids at constant volume 
c~, heat capacities of gases at constant volume c~ and calculated values of heat 
capacities of gases in thc state of ideal gas cto. The values c~o cannot be determined 
experimentally. This way of calculation can be used just in particular cases. The 
information on heat capacities at constant volume of both phases are very infre­
quent 5 • Their experimental determination is very difficult; the accuracy of measured 
values of c~ and 4 is reported to be 2 - 3%, exceptionally for c~ up to 0'5% (ref. 5

•
6

) . 

The estimation methods yield the data on c~ and ct with an aCCUl'acy of approximately 
4-5% (ref. 5

). 

More passable is the second way which uses the relation between Cv and Cp (heat 
capacity at constant pressure) in the form 

Cv = Cp - T(ap/aT)v (aV/8T)p, (1) 

where T, P, V denote temperature , pressure and volume, respectively. 
By applying Eq. (1) to the investigated quantity !:.cv. we get the relation 

and, for the quantity !:.c~, the relation 

c~ - 4° = c~ - c~o - [T( oP/aT)v (aV/oT)I'] 1 + R. (3) 

The superscripts g (go), 1 denote the gaseous (the gaseous in the state of ideal gas) and 
the liquid phases, R the gas constant. This way of calculation makes use of the fact 
that the experimental determination of heat ca-pacities ofliquids and gases at constant 
pressure is as much as an order more accurate than that of Cy and the values 4° 
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can be easily and accurately evaluated from the experimental data on 4 (feC- 9
). 

Moreover, the experimental data on Cp are known much more that those on Cv' 
In the literature cited, the accuracy of the experimental c~ is reportcd to be between 
0'1-1 % accordi ng to the type of substance measured and its physical properties 
(above all saturated vapour pressure), c~ is usually given with an accuracy of 0·2 to 
0·4% and consequently also cr with the accuracy of 0'2-0'3%. The estimation 
methods enable to calculate these quantities with a substantially worse accuracy: ct 
with an error of about 3 - 5%,4 approximately 3% and c~o with and error of 2- 4% 
(ref. 10 '-

12
). 

The estimation methods for calculating Cy and Cp do not yield sufficiently accurate 
values of heat capacities and therefore they are not considered in our further dis­
cussion. 

THEORETICAL 

As it has been shown by Planck13
, the temperature derivatives of heat of vaporization 

lead to a relation which is among others a function of heat capacity difference of li­
quids and gases at constant pressure. It is to be assumed that the temperature dcrivati~ 
ves of />.Uy and />.Uc will be among others also a function of the difference />.cv and 
/>.c~ which is investigated in this work. Further we will outline the derivation of rela­
tions sought. 

Temperature Derivat ive of Internal Energ y of Vaporization 

Let us consider a closed one-component two-phase system whose state is determined 
by the pai r of state variable, viz. temperature and volume. Then the change in the 
internal energy accompanying whatever phase change is given by the difference 
of statc quantities (/>.U) and is a unique function of these variables. We can write 

/>.U = />'U(T, V) . 

The change of internal energy of the phase change due to an infinitesimal change 
in temperature and volume is givcn by the relation 

(4) 

Let us apply Eq. (4) to a phase change of the vapour-liquid type. Then for the tem­
perature change of the internal energy of vaporization along the equilibrium (saturat. 
ed) vapour pressure curve we obtain a relation in the form 

(0 />.Uv/oT)a = (o />.Uv/oT)y + (ou/av)~ (oV/aT)~ - (au/aV)'r (aV/aT)!. (5) 
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The symbol AUv = U(g, T, PO) - U(l, T, pO) denotes the internal energy of vapor­
ization, the superscripts g and I the gaseous and liquid phases, T temperature and pO 
the saturated vapour pressure. 

In the next step we replace the expressions on the right-hand side of Eq. (5) by ac­
cessible or easily measurable quantities. The first term on the right-hand side of Eq. (5) 
equals the difference of molar heat capacities of the gaseous and liquid phases at 
contant volume 

(6) 

The dependence of internal energy on volume is given by the thermodynamic equation 
of state 

(oUjoVh = T(8PjoT)v - P. (7) 

After inserting Eqs (6) and (7) into Eq. (5) we get the final form for the temperature 
dependence of internal energy of vaporization 

(0 AUv/oT)" = c~ - c~ + 

+ [T(8PjoT)v - P]g (oV/8T)~ - [T(oPjoT)v - p]1 (av/aT)~ , (8) 

where pg(p') is saturated vapour pressure of the gaseous (liquid) phase. For equi­
librium it holds 

pi = p' = pO. 

Temperature Derivative of Cohesive Energy 

The second way which leads to the relation for calculating c~ - c~o, is the derivation 
of relation for the temperature derivative of cohesive energy. The cohesive energy 
is defined as a change in internal energy according to the scheme 

AUe = U(g, pO ~ 0, T) - U(I, pO, T). 

Therefore also the course of derivation of the relation for the change of cohesive 
energy with temperature will formally be the same as that for internal energy of vapo­
rization (Eq. (5)). The rearranged form of this equation for the cohesive energy 
has the form 

(a AVe/aT)" = [a(ugO 
- U')/oT)]v + 

+ [(oUgo/avh (aVg%T)" - (ou'javh (aVI/oT),,] . (9) 

The first expression on the right-hand side ofEq. (9) represents the difference of molar 
heat capacities at constant volume cW - c~. In the second term of the same equation, 
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the expression (DugO/8vh equals zero because the internal energy of an ideal gas 
is independent of volume. Then Eq.(9) can be rewritten to then form 

(10) 

which after rearranging in the sense of Eq. (7) leads to the final form of the equation 
for the temperature derivative of cohesive energy along the equilibrium vapour 
pressure curve: 

DISCUSSION 

As it is evident from the preceding, the determination of /J.cv and /J.c~ from direct 
experimental values is connected with an error whose upper limit for /J.cv is about 
20% assuming the average value for /J.cy = 20 J/mol K ; c~ = 100 J/mol K and 
4 = 80 J/mol K. The value of /J.c~ is determined with an accuracy of about 16% 
providing the same assumption holds for c~ as in the preceding case and the value 
of cV' is obtained by calculating from 4°, 

In the next part we will investigate the difference in difficulties of calculating 
/J.cv and /J.c~ on the one hand from the data on cb , c~, 4° and on the other hand from 
the temperature derivative of /J.Uv and /J.Uc ' For this purpose let us rewrite Eqs (8) 
and (11) into the form 

c~ - ct = -(o/J.UyjJT)" -

- [T(8PjJT)v - PJI (8VjJT)~ + [T(8PjJT)v - p]8 (JVj8T)~ (12) 

and 

At first let us seek the difference in difficulty of calculating the P-V-T terms of Eqs 
(2), (12) and (3), (13), These terms are formally identical for both phases, the value of 
the state term for the liquid phase exceeding several times that of the gaseous phase. 
Therefore the comparison just for the liquid phase is sufficient. In the expression 
for the volume dependence of internal energy (so-called cohesive pressure) in Eq. (12), 
it is possible to neglect the value of pressure against the value of the expression 
T(8pI8T)v (ref.1 4

). The difference between the coefficients (8VI8T)p and (8vjaT)"is, 
for the temperatures below normal boiling point, negligible and becomes significant 
only for higher saturated vapour pressures15 • From this follows that the terms in 
Eqs (2) and (12) expressing state behaviour of the liquid phase are comparable 
and it is possible to write 
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for a vicinity of normal boiling point. For the gaseous phase this comparison is no 
more so accurate. With regard to the fact that the state behaviour of the gaseous 
phase manifests itself to a substantially small extent in the calculations, we can 
say that both methods discussed are equivalent. They require the same kind of P- V- T 
data and consequently the calculation itself is influenced by the same error which 
they introduce into the calculation. The difference between both methods reduces 
then to the difference between the error of the expression c~ - 4 or c~ - 4° and 
that of calculation of (8 flUvlaT)" or (0 flUc!oT)" . On the assumption that e~ has 
an average value of 180 J !mol K and , for calculating, it is known with an accuracy 
of 0·5% up to the normal boiling point, 4 = 125 J/mol K with an accuracy of 0·3%, 
thenflep is determined with the upper limit of error equal 1·3 K /mol K (ree ,11 ,15), 
Analogously for thc difference fle~ it is possible to find from the above-mentioned 
assumptions that the accuracy amounts to about 1·3 J/mol K. The error connected 
with the calculation of the term (0 flU v!DT)" was determined in this way: The values 
of the temperature depcndence of M 1v (determined by calculation from flHv) are 
determincd with an accuracy of 0'2% (ref. 16) (providing the accuracy of !!.H v is 0'1%). 
The values of calculated temperature derivative have an error of approximately 0,5%. 
Then the term (0 !!.uvlaT)" , which has the average value of - 60 J!mol K , is subject 
to an error of 0·3 J!mol K. The valucs of !!.Uc(obtained from!!.H v) can be calculated 
with an error of about O' 35% (ref. 16

) and their derivative is determined with an error 
of approximately 0'8%. Consequently the error in the determination of the term 
(0 t:.Uc!DT)" ~ 0'5 J!mol K. The estimation of the error in the derivative terms is 
connected with an inaccuracy. To estimate the error we started in this work from the 
information published previously 17. 

The preceding discussion indicates that the calculation of tlev and !!.eZ from the 
data on heat capacities at constant pressurc and from those on temperature derivative 
of !!.Uv and !!,Uc is equivalent. Both methods require the knowledge of P-V- Tbehav­
iour of the liquid and gaseous phases and in substance they require calculation 
of the same dependences of the state functions. It is to be therefore expected that the 
accuracy of both methods will be the same, too. The upper limit of the expected 
error of calculation will correspond to the upper limit of error of data obtained 
from the direct experimental data, i.e. about 20%. 

The use of the former or the latter will be motivated by the fact which input calori­
metric data are available and for what group of substances the calculation is carried 
out. It is to be expected that in the vicinity of the temperature of 25°C, the data 
on c~ but not those on 4 or 4° are available. The determination of values of the 
temperature dependence of !!.Uv and flUe is qualitatively the same in the entire 
temperature range considered, i.e. from 25"C to the temperatures in the vicinity 
of normal boiling point . 
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